NON FORKING GOOD FRAMES WITHOUT LOCAL 

CHARACTER 



ADI JARDEN AND SAHARON SHELAH 



Abstract. We continue [Sh:h] .II. studying stability theory for abstract 
elementary classes. In [Sh E46) . Shelah obtained a non- forking relation 
for an AEC, {K, ^), with L5T-number at most A, which is categorical in 

A and A"*" and has less than 2"^^ models of cardinality A^^, but at least 
one. This non-forking relation satisfies the main properties of the non- 
forking relation on stable first order theories, but only a weak version of 
the local character. 

Here, we improve this non-forking relation such that it satisfies the 
local character, too. Therefore it satisfies the main properties of the 
non-forking relation on superstable first order theories. 

Using results of [Sh:h) .II. we conclude that the function A J(A, K), 
which assigns to each cardinal A, the number of models in K of cardi- 
nality A, is not arbitrary. 
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1. Preliminaries 
Familiarity with AEC's is assumed. 

Hypothesis 1.1. 

(1) (K, r<) is an AEC. 

(2) A is a cardinal. 

(3) The Lowenheim Skolem Tarski number of {K, :<), LST{K, :<), is at 
most A. 

Definition 1.2. Suppose Mq ~< N in K\. We say that N is universal over 
Mq if for every Mi >- Mq, there is an embedding of Mi into N over Mq, 
namely, that fixes Mq. 
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The following proposition is a version of Fodor's Lemma (there is no math- 
ematical reason to choose this version, but we think that it is convenient). 

Proposition 1.3. There exist no {Ma '■ a S A^), {N^ ■ a € {fa ■ ol G 

A+),S' such that the following conditions are satisfied: 

(1) The sequences {Ma '■ a G A"*"), {Na ■ a € A"*") are ^-increasing 
continuous sequences of models in K\. 

(2) For every a < A+, fa'- Ma — > Na is a <- embedding. 

(3) {fa ■ Oi € A^) is an increasing continuous sequence. 

(4) S is a stationary subset of . 

(5) For every a £ S, there is a £ Ma+i — Ma such that fa+i{a) € Na- 

Proof. Suppose there are such sequences. Denote M = [J{fa[Ma] '- a G A+}. 
By clauses (4), (5), ||M|| = Kx+- {fa[Ma] : a G A+), {NaClM : a G A+) 
are filtrations of M. So they are equal on a club of A^. Hence there is 
aeS such that ^[M„] = iY^pM. Hence fa[Ma] C Naf] fa+i[Ma+i] C 
Naf]M = fa[Ma] and so this is a chain of equivalences. Especially fa+i[ 
Ma+i] C\Na = fa[Ma], in Contradiction to condition (5). H 

2. Non-forking frames 

The following definition, Definition 12.11 is an axiomatization of the non- 
forking relation in a superstable first order theory. If we subtract axiom 
I2.1( 3)(c). we get the basic properties of the non-forking relation in {Kx, 
K\) where (K, is stable in A. 

Sometimes we do not find a natural independence relation with respect to 
all the types. So first we extend the notion of an AEC in A by adding a new 
function 5^* which assigns a collection of basic (because they are basic for 
our construction) types to each model in Kx, and then add an independence 
relation QJ on basic types. 

We do not assume the amalgamation property in general, but we assume 
the amalgamation property in {Kx,^ \ Kx)- This is a reasonable assump- 
tion, because it is proved in |Sh:hj .I. that if an AEC is categorical in A and 
the amalgamation property fails in A, then under a plausible set theoretic 
assumption, there are 2^^ models in Kx+- 

Definition 2.1. s = {K, ^, S^'^ , QJ) is a good X-frame if: 

(1) {K, ^) is an AEC in A. 

(2) (a) (K, :<) satisfies the joint embedding property. 

(b) {K, :<) satisfies the amalgamation property. 

(c) There is no ^-maximal model in K. 

(3) S"^^ is a function with domain K, which satisfies the following axioms: 

(a) S''-'{M) C 5""(M) = {ga - tp{a,M,N) : M < N e K, a G 
N - M). 

(b) S^^ respects isomorphisms: if ga — tp{a,M,N) G 5^*(-/Vf) and 
f : N ^ N' is an isomorphism, then ga — tp{f{a),f[M],N') G 
S'%f[M]). 
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(c) Density of the basic types: if M, N G K\ and M -< N, then 
there is a e N - M such that ga - tp{a, M, N) G S'"'{M). 

(d) Basic stabihty: for every M £ K, the cardinahty of S^'^{M) is 
< A. 

(4) the relation QJ satisfies the following axioms: 

(a) IJJ is set of quadruples (Mo,Mi,a,M3) where Mo,Mi,M3 G K, 
ae Ms- Ml and for n = 0,1 ga- tp{a, Mn,M3) G 5''^(M„) and 
it respects isomorphisms: if Ijj(-^O) Mi, a, M3) and / : M3 — > M3 
is an isomorphism, then |JJ(/[Mo], /[Mi], /(a), M3). 

(b) Monotonicity: if Mq ^ Mq* ^ Mf ^ Mi ^ M3 ^ M3*, Mj* U{«} ^ 
M3** ^ M3*, then |JJ(Mo, Ml, a, M3) \jj{M^,M^,a, M3**). From 
now on, 'p G S''''^{N) does not fork over M' will be interpreted as 
'for some a, N+ we have p = ga—tp{a, N, N~^) and IXI(-^, N, a, N^y. 
See Proposition 12.21 

(c) Local character: for every limit ordinal (5 < if (Mq, : a < 
6) is an increasing continuous sequence of models in K\, and 
ga — tp{a, Ms, Ms^i) G S^'''{Ms), then there is a < 5 such that 
ga — tp{a, Ms, Ms+i) does not fork over Ma- 

(d) Uniqueness of the non-forking extension: if M, N £ K , M ^ N , 
p,q e S'"'{N) do not fork over M, and p t M = g f M, then 
p = q. 

(e) Symmetry: if Mo,Mi,M3 G Kx, Mq ^ Mi ^ M3, ai G Mi, 
ga - tp{ai,Mo,M3) G S'"'(Mo), and 50 - tp{a2,Mi,M3) does 
not fork over Mq , then there are M2 , M3 G such that a2 G 
M2, Mo ^ M2 ^ M3*, M3 ^ M3*, and ga - tp(ai, M2, M3*) does 
not fork over Mq. 

(f) Existence of non-forking extension: if M,N £ K, p £ S^''^{M) 
and M -< N, then there is a type q G S^^{N) such that g does 
not fork over M and g [" M = p. 

(g) Continuity: let 5 < A"*" and (Mq, : a < 5) be an increasing 
continuous sequence of models in K and let p G ^(M^). If for 
every a £ 5, p \ Ma does not fork over Mq, then p G ^'^''(M^) 
and does not fork over Mq. 

Proposition 2.2. // |Jj(Mo, Mi, a, M3) and i/ie %pes ga - tp{b,Mi,M^), 
ga — tp{a. Ml, M3) are equal, then we have lXl(Mo, Mi, a, M3). 

Proof. Since ga — tp{b. Mi, M^) = ga — tp{a. Mi, M3), there is an amal- 
gamation {idM:i,f,M^*) of M3 and M3* over Mi with f{b) = a. By Def- 
inition [2H3)(b) (monotonicity) |JJ(Mo, Mi, a, M3**). Using again Defini- 
tion[2l](3)(b), we get lJJ(Mo, Mi, a, /[M3*]). Therefore by Definition[2U(3)(a), 
QJ(Mo,Mi,a,M3*). H 

Definition 2.3. 
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s = {K, :<, S ,nf) is an almost good A-frame if s satisfies the axioms 
of a good A-frame except maybe local character, but s satisfies weak 
local character. 

s satisfies weak local character when there is a 2-ary relation, ~<* on 
Kx which is included in \ K\ such that: 

(a) for each Mq G Kx there is Mi e Kx with Mq -C Mi, 

(b) if Mo ^* Ml ^ M2 G Kx then Mq -<* M2, 

(c) if (A^Q, : a < 5 -|- 1) is a ^*-increasing continuous sequence of 
models in Kx, then for some a G A'^+i and some ordinal a < 5, 
p =: ga — tp{a, Ns, Ns-^-l) is a basic type, which does not fork 
over Na. 

In the following definition 'na' means non-algebraic. 

Definition 2.4. We define a function 5"" with domain Kx by 5""(M) := 
{ga - tp{a, M,N) : M <N, a£ N - M}. 

Definition 2.5. Let s be an almost good A-frame, s is full if = 5"°. 

The following theorem says that the stability property in A is satisfied 
and presents sufficient conditions for a universal model. The stability in A 
can actually derived from [JrSh 875| Theorem 2.20]. 

Theorem 2.6. 

(1) Suppose: 

(a) 5 is an almost good \- frame (so indirectly, we assume basic 
stability). 

(b) (Mq, : a < X) is an increasing continuous sequence of models in 
Kx. 

(c) Ma+i realizes S'"'{Ma). 

(d) M« ^* M„+i. 

Then Mx is universal over Mq . 

(2) There is a model in Kx which is universal over A. 

(3) For every M G Kx, \S{M)\ < A. 

Proof. Obviously (1) (2) =^ (3). Why does (1) hold? We have to prove 
that letting Mq -< N, N can be embedded in Mx over Mq. Toward a 
contradiction assume that: 

(*) There is no an embedding from N into Mx over Mq. 

Let cd be a bijection from A x A onto A. Now we choose Na,Aa, {aa,i3 '■ P < 
fa by induction on a such that: 

(1) iVo = N, /o = idM, 

(2) {Na : a < A) is an increasing continuous sequence of models in Kx. 

(3) {fa : a < A) is an increasing continuous sequence of functions. 

(4) fa : Ma ^ Na is an embedding. 

(5) Na = {aa,p : /3 < A}. 

(6) Aa = M7,/3) : 7 ^ a, ga - tp{a^,p, fa[Ma], Na) G S'%fa[Ma])}. 
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(7) a^,/3 G fa+i[Ma+i] where (7,/3) = cd-\Min{Aa)). 
Why can we carry out the induction? For q = or limit, there is no 
problem. Suppose we have chosen Na,Aa, {aa^p : (3 < X) , fa- If fa[Ma] = 
Na, then \ Nq is an embedding over Mq, in contradiction to (*). Thus 
fa[Ma] 7^ Na- Therefore there is a type in 5'*'* (/a [M^] ) which Na realizes. 
Hence Aa ^ 0. So by the definition of a type, there is no problem to find 

Na+l, Aa+l, {aa+1,13 : /? < A), /q+1. 

Why is this enough? Define Nx := [J{Na : a < X}, fx := [J{fa : a < A}. 
By smoothness, fx[Mx] < Nx- But fx[Mx] 7^ A^a (otherwise f^'^ \ Nq is an 
embedding over Mq, in contradiction to (*)). So by weak local character, 
there is c G Nx — fx[Mx] and there is a 7 G A such that ga— tp{c, fx[Mx], Nx) 
does not fork over f^[M^]. Without loss of generality, c G N^, because 
we can increase 7. Therefore there is /3 G A such that c = 07,^- Hence 
ga — tp{a^^/^, f^[Mry], Ny) G S^^{fy[My]). Define an injection (7 : [7, A) ^ A 
by g{a) :=Min(^Q,). For each a G [7, A), cd(7,/3) G Aa- So g{a) < cd{'y,(3), 
(otherwise by (7) a^^p G fa+i[Ma+i] C fx[Mx], but a^^p = c ^ fx[Mx]), and 
g is an injection from [7, A) to cd{'y, j3) which is impossible. Thus (*) implies 
a contradiction. H 



3. Non-forking amalgamation 

Hypothesis 3.1. 5 is an almost good A-frame. 

In this section we present a theorem from [JrSh 875] , which says that we 
can derive a non- forking relation on models, from the non- forking relation 
on elements. First we have to define the conjugation property. 

Definition 3.2. 

(1) Let p = ga — tp(a, M, N). Let / be an isomorphism of M (i.e. / 
is an injection with domain M, and the relations and functions on f[M] 
are defined such that f : M ^ f[M] is an isomorphism). Define f{p) = 
ga — tp{f{a),f[M],f~^[N]), where /"*" is an extension of / (and the rela- 
tions and functions on /"''[A^] are defined such that f^ : N ^ f^[N] is an 
isomorphism) . 

(2) Let po,Pi be types, n < 2 — >■ p„ G S{Mn)- We say that po,pi are 
conjugate if there is an isomorphism / : Mq ^ Mi such that f{po) = Pi- 

Claim 3.3. 

(1) In Definition \3-2l f{p) does not depend on the choice of f~^ . 

(2) The conjugation relation is an equivalence relation- 
Proof. Easy. H 

Definition 3.4. Let 5 be an almost good A-frame, s is said to satisfy the 
conjugation property, when: if p G (Mi) does not fork over Mq, then 
there is an isomorphism / : Mi — )• Mq such that f{p) = p \ Mq. 

Remark 3.5. If s satisfies the conjugation property, then Kx is categorical. 
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Now we present the properties that a non-forking relation should satisfy. 

Definition 3.6. Let NF C ^Kx be a relation. We say (^jvF when the 
following axioms are satisfied: 

(a) If NF{Mo, Ml, M2, M3), then n e {1, 2} ^ Mq ^ M„ ^ M3 and Mi n 
M2 = Mq. 

(b) The monotonicity axiom: if ArF(Mo, Mi, M2, M3) and Nq = Mo,re < 
3 ^ iV„ ^ M„ A ^ AT^ ^ N3, {3N*)[M3 ^ N* A N3 ^ N*], then 
NFiNo,N^,N2,N3). 

(c) The existence axiom: for every Nq,Ni,N2 G Kx, if I € {1,2} ^ Nq < 
Ni and A^i f| A^2 = Nq, then there is N3 such that NF{No, A^i, iV2, A^s). 

(d) The uniqueness axiom: suppose for x = a,bwe have NF{No, Ni, N2,N^). 
Then there is a joint embedding of N"", A^^ over A'^i |J A''2. 

(e) The symmetry axiom: NF{No, Ni, N2, N3,) ^ NfINq, N2, Ni, N3). 

(f) The long transitivity axiom: for x = a,b, let {Mx^i : i ^ a*) be an 
increasing continuous sequence of models in Kx- Suppose i < a* — > 

NF{Ma,i,MaA+l,Mb,i,Mb,i+i). Then NF{Mafl, Ma,a' , M^^q, Mh,a')- 

Definition 3.7. Let NF be a relation such that (^jy^- We say that NF 
respects the frame s when: if A^F(Mo, Mi, M2, M3) and ^a- tp(a, Mq, Mi) G 
S'"'{Mo), then ga - tp{a,M2,M3) does not fork over Mq. 

Theorem 3.8. Suppose: 

(1) K is categorical in A. 

(2) 5 is an almost good X-frame which satisfies the conjugation property. 

(3) /(A++,K) (A++, 2^+). 

(4) 2^ < 2^+ < 2^++. 

(5) The ideal W DmId{X^) is not saturated in X^^ . 

Then there is a relation NF such that 'S)nf '^'^^ respects the frame 5. 

Proof. By |JrSh 875| : by Corollary f JrSh 8751 4.18], K^''"^ is dense with re- 
spect to :<bs. Hence by Theorem [JrSh 8751 5.15], there is a unique relation, 
A^F, with (g)^^. Now see Definition |JrSh 8751 5.3]. H 

4. A FULL GOOD A-FRAME 

Hypothesis 4.1. s is an almost good A-frame which satisfies the conjugation 
property. 

Definition 4.2. nf'^^ := {(Mq, Mi, a, M3) : Mo,Mi,M3 G Kx, Mq ^ 
Ml < M3, a G M3- Ml and for some M2 G Kx, Mq ^ M2, a G M2 - Mq 
and A^F(Mo,Mi,M2,M3)}. 

The following theorem is similar to Claim |Sh:hl 9. 5. 2]. III. 

Theorem 4.3. Let 5 be an almost good X-frame which satisfies the conju- 
gation property. Then 5^^ = {K, ^, S'"""" ,nf^^) is a full good X-frame. 
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Proof. We will prove the conditions in Definition 12.11 

1. Trivial. 

2. (a),(b),(c) are trivial, (d) (basic stability) is satisfied by Theorem 

3. (a) is trivial. 

(b) is OK by the monotonicity of NF, i.e. Definition I3.6l fb). 

Axiom (c) (local character) is the heart of the matter. Let j be a limit 
ordinal, let {Ni : i ^ j + 1) be an increasing continuous sequence of mod- 
els in Kx and let p =: ga - tp{c, Nj, Nj+i) € ^""(A^i). We have to 
find i < j such that p does not fork over Ni in the sense of nf^^, i.e. 
nf^^{Ni,c,Nj,Nj^i). It is enough to find an increasing continuous se- 
quence {Mi : i ^ j) such that for each i ^ j, Ni ^ Mj and NF{Ni, Ni^i, 
Mi, Mj+i) (so NF{Ni, Nj,Mi,Mj)) and iV,-+i ^ Mj (for some i < j c e Mi, 
so nf^^{Ni,c,Nj,Nj+i)). Without loss of generality, cf{j) = j. We try to 
construct {N^^i : i ^ j + 1) by induction on a G A"*", such that: 

(1) For each a € A+, {Na,i : i ^ j + 1) is an increasing continuous 
sequence of models in Kx. 

(2) For each i ^ j, {Na,i : a < A+) is an -<*-increasing continuous 
sequence of models in Kx and N^j+i ^ Na+ij+i. 

(3) No^i = Ni. 

(4) For each i < j and a < A^, we have NF{Na^i, Na,i+i, Na+i,i, 

(5) For each a & S =: {6 £ : cf{6) = j}, we have Aq,j_|_i f] Aq,+ij / 



If we succeed, then by clauses (2) and (5), the quadruple 

{Na,j : a < A+), {Naj+i : a < A+), {idN^^ : a < A+), 5 

forms a counterexample to Claim II. 3^ so it is impossible to carry out this 
construction. 

Where will we get stuck? For a = 0, we will not get stuck, see item (3). 
For a limit, just (1),(2) are relevant, and we just have to take unions and 
use smoothness. 

So we will get stuck at some successor ordinal. Suppose we have defined 
{NaA : i ^ J + !)• Can we find {Na+i,i i ^ j + 1)? If a ^ S", then it is 
easier, so assume a G S. Let (/3(i) : i ^ j + 1) be an increasing continuous 
sequence of ordinals such that /3(j) = a. If Naj = Naj-\.i, then we can 
define Mj := N^^i and the local character is proved {Nj ^ A^.j = Mj, so see 
the beginning of the proof). So without loss of generality, Na,j+i / ^a,j- 
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In the following diagram, the arrows describe the ^*-increasing continu- 
ous sequence (A'^a(j) j : i ^ (Naj+i)- A model that appears at the right 
and above another model is bigger than it. 



NnA* 



^/3{j*+2),i* 



^/3(j*+2),i*+l 



/3{j*+l),i* 





/3{j*+2),j*+2 



/3(j*+l)+l,i*+2 



/3(j*+l),j*+2 




/3(i*),i*+2 



By weak local character, there is an element c and an ordinal i* such that 
ga — tp{c, Naj , Naj+i) does not fork over A'^g(j*) j*. 

By Definition I2.ir b) (the monotonicity axiom), ga — tp{c, N^j , N^j^i) 
does not fork over Na^i*+i and so ga — tp{c, Na,i*+i, Naj+i) E S{Na^i*+i). 
So there is an increasing continuous sequence {N^^+ii • ^ ^ i) such that for 
i < j we have NF{Na,i, N^^i+i, N^^^f^^, N^a+T,i+i)^ ^"^^ there is a G N^^^f^^^^i 



tp(a, A^„,,.+i, A^*![^^.*_^J 



ga 



tp{c,Na,i*+l,Na,j+l). 



such that ga 

[Why? For i ^ define A^*"^^^ - 

morphic to Naj+i over A^^^^^j.+i and A''*![^^..^-^ f] A'^aj+i = A''„.,;.+i. For 



NrvA- Choose N^J^■t_^_l which is iso- 



G (i* + choose Ar*!|;^%i such that NF{Nc,,i,N, 



a,i, ^VQ,,i+l, A^^^f^j, iV^_^^-j_^-,^ 

If i is limit, then define N^J^- := \J{Na+i,e '■ ^ < i}]- Now by the 
long transitivity of NF we have NF{Na,i*+i, Naj, N^^f-,^^, N^^fj) and 
so since A^F respects s, the type ga — tp{a, Naj^N^^^fj) does not fork over 
No,^i*^i. So by Definition 2.1(e), (the uniqueness of the non-forking exten- 
sion), ga - tp{a, Na,j , N^a^fj) = ga - tp{c, N^j, Naj+i). Hence by the 
definition of the equality between types, without loss of generality, there is 
a model Na+ij+i such that Naj+i ^ Na+ij+i, there is an embedding / : 
N^a+ij ^ ^a+i,j+i over Naj and /(a) = c. Now for i ^ j define A^^^+i := 
/[^T^]- Why is (5) satisfied? c G N^j+ir\Na+i,i+i - N^,i+i. By (4) and 
the long transitivity of NF, we have NF{Na,i+i, Naj, Na+i^i+i, N^+ij), 
so c ^ Naj, but since Na+i^i+i C Na+i,j we have c G Na+ij- Hence 
c G Naj+i f]Na+ij — Naj) Hencc we can carry out the construction. 

(d) Uniqueness: suppose for n < 2, ga— tp{a^, Mq, M") does not depend 
on n, and NF{Mq, M2, Mf, M^), see the diagram below. We have to prove 



temp jytemp 



A^Qj+1 9 c 



i*+2),j+l 



A^/3(i*+i)+ij+i 



A''^(i*+i),j+i 



Af, 



/3(i*)J+l 
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that ga — tp{a^ , M2, M^) does not depend on n. By the definition of the 
equality between types, there is an amalgamation /°,/\Mi of M^,Ml 
over Mq. So there are models M^'~^ and embeddings : ^ ^3'^^ , 
such that forn < 2 we have NF{fn[M'^]J+[M^], Mi, M^^'^) and U C /+. 
Since M2 C\M^ = Mq, without loss of generality, \ M2 = idM2 ('^^ can 
change the names of the elements in M2 — Mq, i.e. M2 — M"). By the 
long transitivity axiom of NF, we have NF{Mo, M2, Mi, M^'^). So by the 
uniqueness of NF, there is a joint embedding g^,g\M3ofM^^'+,Ml'+ over 
Mi\jM2. So 5° o f+, g^ o /+, M3 is an amalgamation of M^, M^ over M2. 
Since a„ € Mf , {g^ o /^)(an) = fn{o,n) and so it does not depend on n 
(since /o,/i are witnesses for ga — tp{ai, Mq, M^) does not depend on n). 
So ga — tp{a"' , M2, M^) does not depend on n. 



Ml 



Mr 



M, 



Ml 



M," 



Mo ^Ma 

(e) Symmetry: by the symmetry of NF, i.e. Definition I3.6l fe). 

(f) By the corresponding axiom of NF, i.e. Definition I3.6l fc). 

(g) Continuity: it is easy to see that continuity follows by local character, 
because by definition, s'^^ is full. -\ 

Now we can present the main theorem: we get a good A-frame. 

Theorem 4.4. Let {K, ^) be an AEC such that: 

(1) K is categorical in A,A+ and 1 < /(A+^,-ftr) < /i„„i/(A+^, 2-^^). 

(2) 2^ < 2^^ < 2^^', and WDmId{X+) is not saturated in A+2. 
Then: 

there is an almost good X-frame, 5 with complete... {K^,<^) = {{K\,<) 
and a type is basic if it is minimal. Moreover, if s satisfies the conjugation 
property, then there is a good X-frame with {Ks, ^s) = {{K, <). 

Remark 4.5. Background on Weak Diamond appears in [DSj and in Chap- 
ter 13 of |Gr:book] . Concerning fiunififJ''^ , 2^^)) see the last chapter of |Sh:h| . 
[JrSh 875j or |.TrSh 966j . It is "almost 2^'^"■. 1 < ;U„„i/(/i+, 2^), If X ^ fJ-, 
then Hunifi^i'^ ,'^^) = S^"*" and in any case it is not clear if /iu„jj(/i~'", 2^^) < 
2^^ is consistent. There are more claims which say that it is a "big cardinal" . 



Proof. By Theorem [Sh E461 0.2] there is such an almost good frame. So by 
Theorem 14.31 we have the "moreover". H 



10 



ADI JARDEN AND SAHARON SHELAH 



While in |Sh:h] .II we obtained a good A^-frame, here we obtained a A- 
good frame. Why is this important? In Section 1 of |Sh:h] .IIL Shelah defined 
weakly dimensionality of a good frame, and proved that it is equal to the 
categoricity in the successor cardinal. Since here we assume categoricity in 
A"*", the good A-frame we obtained here is weakly dimensional. 

5. The function A /(A, K) is not arbitrary 

In this section, we prove, under set theoretical assumptions, that there is 
no AEC, (K,^), which is categorical in A, A^...A"''("~^\ but has no model 
of cardinality A"*"". The main results of Section 4 enables to prove only a 
weaker version of this theorem. But we can prove this theorem, using results 
of [S h E46j and (Skhj.II. 

By the last section in |Sh:h) .II (alternatively, see Corollary jJrSh 875\ 
12.6]): 

Fact 5.1. Suppose: 

(1) n < Lo, 

(2) 5 = {K, :<, S''^,nf ) is a good X-frame , 

(3) For each m<n, /(A+(2+'»), < ^„„ij(A+(2+"^), 2^+^'+"'), 
U) 2^ <2^+ <2^+' < ... <2^+''+"', 

(5) For each m < n, the ideal WDmId{X^^~^"^) is not saturated in 
A+{2+'»). 

Then there is a model in K of cardinality A^^^^"^ . 

By the following theorem, if / : card card is a class function (from 
the cardinals to the cardinals) with /(A) = /(A^) = ...f{X^^^~^^) = 1 and 
/(A"*"") = 0, then under specific set theoretical assumptions (clauses (4), (5), 
below), / cannot be the spectrum of categoricity of any AEC. 

Theorem 5.2. There are no K,^,n,X such that 

(1) n>3 is a natural number, 

(2) (K, ^) is an AEC, 

(3) K is categorical in A^*" for each m < n, but Ky^+n = 0, 

(4) 2^ <2^+ <2^+' < ... <2^+'""'\ 

(5) For each m < n — 2, W DmId{X^^^"^) is not saturated in X'^^'^^'^h 

Before we prove Theorem 15.21 we prove a weaker version of it: 

Proposition 5.3. The same as Theorem \5.2\ but here we assume, in ad- 
dition, that if Mq < Ml < M2, a £ M2 - Ml and ga - tp{a,MQ,M2) is 
minimal, then the types ga — tp{a, Mi, M2), ga — tp{a, Mq, M2) are conju- 
gate. 

Proof. By Theorem 14.41 there is a good A-frame with {Ks,^s) = {(K,^). 
Hence by Fact 15. ll there is a model in K of cardinality A"^*-"^. H 
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Remark 5.4. To our opinion, by Claim |Sh E461 7.4] (p. 76), it is reasonable 
to assume that s satisfies the conjugation property. 

Now we prove Theorem 15.21 

Proof. By Theorem |Sh:hl II. 3. 7] (p. 297), there is a good A^-frame, s such 
that its AEC is {K, :<). Now use Fact 15.11 where A"^ stands for A. H 

References 

[DS] Keith J. Devlin and Saliaron Slielali. A weak version of which follows from 2^" < 

2^1. Israel Jornal of Mathematics, 29:239-247,1978 
[Gr:book] Rami Grossberg. Classification of Abstract Elementary Classes. A book in 

preparation. 

[JrSh 875] Adi Jarden and Saharon Shelah. Good frames with a weak stability. Submitted 
to A.P.A.L. Preprint available at http://front.math.ucdavis.edu/0901.0852. 

[JrSh 966] Adi Jarden and Saharon Shelah. Existence of uniqueness triples without sta- 
bility. Work in progress. 

[Sh E46] Saharon Shelah. Categoricity of an abstract elementary class in two successive 
cardinals. Preprint available at http://front.math.ucdavis.edu. 

[Sh:h] Saharon Shelah. Classification Theory for Abstract Elementary Classes. Studies 
in Logic. College Publications, www.collegepublications.co.uk 2009. Binds together 
papers 88r,300,600,705,838 with introduction E53. 

Department of Mathematics., Bar-Ilan University, Ramatgan 52900, Israel 
E-mail address, Adi Jarden: jardenadi@gmail.com 

Institute of Mathematics, Hebrew University, Jerusalem, Israel, and Rut- 
gers University, New Brunswick, NJ, U.S. A 

E-mail address, Saharon Shelah: shelah@math.huji.ac.il 



